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Abstract
Let n6. There exists a uniform covering of 2-paths with 5-paths in Kn if and only if n is even or
n ≡ 1 (mod 8).
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Let Kn be the complete graph on n vertices. A path of length l, or an l-path, is the graph
induced by the edges in {{vi, vi+1} | 0 i l − 1}; it is denoted by [v0, v1, . . . , vl].
A uniform covering of the 2-paths in Kn with l-paths [l-cycles] is a set S of l-paths
[l-cycles] having the property that each 2-path inKn lies in exactly one l-path [l-cycle] in S.
Only the following cases of the problem of constructing a uniform covering of the 2-paths
in Kn with l-paths or l-cycles have been solved:
1. with 3-cycles,
2. with 3-paths [1],
3. with 4-cycles [2],
4. with 4-paths [4],
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5. with 5-paths when n is even [5],
6. with n-cycles (Hamilton cycles) when n is even [3].
In this paper, we solve the problem in the case of 5-paths, that is, we prove:
Theorem 1.1. Let n6. There exists a uniform covering of 2-paths with 5-paths in Kn if
and only if n is even or n ≡ 1 (mod 8).
2. Notation and preliminaries
Proposition 2.1. There exists a uniform covering of 2-paths with 5-paths in K9.
Proof. Let V9 = {0, 1, 2, . . . , 8} be the vertex set of K9. Let 9 be the vertex-rotation
(0 1 2 · · · 8). Put P1=[1, 8, 3, 6, 5, 4], P2=[1, 8, 4, 5, 7, 2], P3=[8, 1, 2, 7, 6, 3], P4=
[7, 2, 6, 3, 5, 4], P5 = [0, 2, 7, 4, 5, 8], P6 = [0, 6, 3, 1, 8, 5], P7 = [0, 8, 1, 7, 2, 3]. Then
{i9Pj |0 i8, 1j7} is a uniform covering of 2-paths with 5-paths in K9. 
Proposition 2.2 (Kobayashi [5]). Let n6 be even. There exists a uniform covering of
2-paths with 5-paths in Kn.
Let k1. From Propositions 2.1 and 2.2, there exist uniform coverings of 2-paths with
5-paths inK8k andK9. LetC1,C2 be the coverings, respectively. PutC=C1∪C2.We will
construct a uniform covering of 2-paths with 5-paths inK8k+9. We use C as a subset of the
uniform covering in K8k+9.
LetK8k=(V1, E1),V1={0, 1, . . . , 8k−1},K9=(V2, E2),V2={a, b, c, d, e, f, g, h, i},
and K8k+9 = (V ,E), where V = V1 ∪ V2, V1 ∩ V2 = . The set of 2-paths in K8k+9 that
do not belong to C is 1 ∪2 ∪3 ∪4, where,
1 = {[x, t, y] | x, y ∈ V1, t ∈ V2},
2 = {[x, y, t] | x, y ∈ V1, t ∈ V2},
3 = {[t, x, u] | x ∈ V1, t, u ∈ V2},
4 = {[t, u, x] | x ∈ V1, t, u ∈ V2}.
We denote by  the vertex-rotation in K8k: = (0 1 2 · · · 8k − 1). We denote by  the
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. There are three rows {a, b, c}, {d, e, f },{g, h, i}, three columns
{a, d, g}, {b, e, h}, {c, f, i}, three right diagonals {a, e, i}, {d, h, c}, {g, b, f } and three left
diagonals {c, e, g}, {f, h, a},{i, b, d}. We have the following proposition.
Proposition 2.3. Let t, u ∈ V2 (t = u) such that t and u belong to the same row [column,
right diagonal, left diagonal] of A. For any v,w ∈ V2 (v = w) such that v and w belong
to the same row [column, right diagonal, left diagonal], there exists j (0j8) such that
j ({t, u})= {v,w}.
Put  = {j |0j8k − 1}, ∗ = {j |0j4k − 1}, T = {j |0j8} and  =
{j |0j8}. If P is a set of paths in K8k+9 and  is a set of vertex-permutations in
K8k+9, we deﬁne P = {	P |	 ∈ , P ∈ P}. A path Q is contained in a path P if Q is a
subgraph of P. More generally, a path Q is contained in a set of paths P if Q is contained
in one of the paths of P. Deﬁne 
(P)= {[x, y, z] | [x, y, z] is contained in P}.
For any edge {x, y} in K8k , we deﬁne the length d(x, y):
d(x, y)= (y − x) (mod 8k).
For any two lengths d1, d2, we deﬁne that d1 and d2 are equal as lengths when d1 = d2 or
d1 =−d2 (mod 8k).
3. 5-paths of type A
Let l1, l2, l3 be integers with 1 l1, l2, l3< 4k. For a triplet L = (l1, l2, l3), we deﬁne
PL,QL,RL in K8k+9 as follows:
PL = [0, a, l1, 4k + l2, b, 4k],
QL = [c,−l3, 0, b, l2, 4k + l1],
RL = [c, 4k − l3, 4k, a, 4k + l1, l2].
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Suppose 4k + l1 = −l3 and 4k − l3 = l2 (mod 8k), i.e., l1 + l3 = 4k and l2 + l3 = 4k
(mod 8k). Then PL,QL,RL are 5-paths in K8k+9. We have the following proposition.
Proposition 3.1. Let L= (l1, l2, l3) with 1 l1, l2, l3< 4k, l1 + l3 = 4k and l2 + l3 = 4k
(mod 8k). Then PL,QL and RL are 5-paths. Suppose l1 = l2, and l3 and l1 − l2 + 4k are
not the same length. Then

(T∗{PL,QL,RL})= {[x, t, y] | d(x, y)= l1, l2; x, y ∈ V1, t ∈ V2}
∪ {[x, y, t] | d(x, y)= l3, l1 − l2 + 4k; x, y ∈ V1, t ∈ V2}.
Proof. Let x, y ∈ V1. The 2-path [x, a, y] with d(x, y) = l1 is contained in ∗{PL,RL},
so [x, t, y] with d(x, y)= l1 and t ∈ V2 is contained in T∗{PL,RL}. The 2-path [x, b, y]
with d(x, y) = l2 is contained in ∗{PL,QL}, so [x, t, y] with d(x, y) = l2 and t ∈ V2 is
contained in T∗{PL,QL}.
The 2-path [x, y, a] with y − x = l1 − l2 + 4k is contained in ∗{PL,RL}, so [x, y, t]
with y− x= l1− l2+ 4k and t ∈ V2 is contained in T∗{PL,RL}. (Addition is modulo 8k
as x, y ∈ V1.) The 2-path [x, y, b] with y − x = l2 − l1 + 4k is contained in ∗{PL,QL},
so [x, y, t] with y − x = l2 − l1 + 4k and t ∈ V2 is contained in T∗{PL,QL}. Hence
[x, y, t]with d(x, y)= l1− l2+4k and t ∈ V2 is contained in T∗{PL,QL,RL}. (Lengths
l2 − l1 + 4k and l1 − l2 + 4k are the same length from the deﬁnition.)
The 3-paths [c,−l3, 0, b] and [c, 4k− l3, 4k, a] are contained in {QL,RL}, so the 2-path
[x, y, t] with d(x, y)= l3 and t ∈ V2 is contained in T∗{QL,RL}.
Therefore 
(T∗{PL,QL,RL}) ⊃ {[x, t, y] | d(x, y) = l1, l2; x, y ∈ V1, t ∈ V2} ∪
{[x, y, t] | d(x, y) = l3, l1 − l2 + 4k; x, y ∈ V1, t ∈ V2}. Counting the number of 2-paths
completes the proof. 
We deﬁne triplets Lj :
Lj = (lj1, lj2, lj3)=
{
(j, 2k + 1− j, j) for j = 1
(j, 2k + 1− j, 2k + 1− j) for 2jk
(j + k, 5k − j, j − k + 1) for k + 1j2k − 1.
And we deﬁne 5-paths Pj ,Qj , Rj (1j2k − 1):
Pj = PLj , Qj =QLj , Rj = RLj .
To show Pj ,Qj , Rj are 5-paths, we will show lj1+ lj3 = 4k and lj2+ lj3 = 4k (mod 8k)
for 1j2k− 1. For 1jk, we have lj1+ lj3 = 4k and lj2+ lj3 = 4k (mod 8k) since
1 lj1, lj22k and 1 lj32k − 1. For k + 1j2k − 1, we have lj1 + lj3 = 4k and
lj2 + lj3 = 4k (mod 8k) since lj1 + lj3 and lj2 + lj3 are odd. Therefore Pj ,Qj , Rj are
5-paths.
Put
A1 = T∗{Pj ,Qj , Rj | 1j2k − 1},
then we have the following proposition.
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Proposition 3.2.

(A1) ⊃ (1\{[x, t, y] | d(x, y)= 3k, 4k; x, y ∈ V1, t ∈ V2})
∪ (2\{[x, y, t] | d(x, y)= 2k, 4k; x, y ∈ V1, t ∈ V2}).
Proof. We apply Proposition 3.1. Since {lj1, lj2 | 1j2k−1}={j | 1j4k−1}\{3k},
we have 
(A1) ⊃ 1\{[x, t, y] | d(x, y)= 3k, 4k; x, y ∈ V1, t ∈ V2}.
Since {lj3 | 1j2k−1}={j | 1j2k−1} and {l1−l2+4k | 1j2k−1}={j | 2k+
1j4k − 1}, we have 
(A1) ⊃ 2\{[x, y, t] | d(x, y) = 4k, 2k; x, y ∈ V1, t ∈ V2}.
Therefore the proposition holds. 
Let S denote the 5-path [4k, 0, a, 3k, 5k, b], and putA2 = T{S}.
Proposition 3.3.

(A2) ⊃ {[x, t, y] | d(x, y)= 3k; x, y ∈ V1, t ∈ V2}
∪ {[x, y, t] | d(x, y)= 2k, 4k; x, y ∈ V1, t ∈ V2}.
Proof. Let x, y ∈ V1. The 2-path [x, a, y] with d(x, y) = 3k is contained in {S}, so
[x, t, y] with d(x, y) = 3k and t ∈ V2 is contained in T{S}. The 3-path [b, 5k, 3k, a] is
contained in S, so [x, y, t] with d(x, y)= 2k and t ∈ V2 is contained in T{S}. The 2-path
[4k, 0, a] is contained in S, so [x, y, t]with d(x, y)= 4k and t ∈ V2 is contained in T{S}.
Therefore the proposition holds. 
PutA =A1 ∪A2. We call a 5-path inA a 5-path of type A. We have |A| = |A1| +
|A2| = 108k(2k − 1)+ 72k = 36k(6k − 1).
Proposition 3.4.

(A) ⊃ 1 ∪2\{[x, t, y] | d(x, y)= 4k; x, y ∈ V1, t ∈ V2}.
Proof. This proposition follows from Propositions 3.2 and 3.3. 
4. 5-paths of type B
We deﬁne 5-paths Uj , Vj ,Wj ,Xj , Yj , Zj as follows:
(1) U0 = [a, i, 0, e, 4k, f ], Uj = j (U0) (0jk − 1),
Uk = [i, a, k, e, 5k, f ], Uk+j = j (Uk) (0jk − 1),
U2k = [h, d, 2k, e, 6k, f ], U2k+j = j (U2k) (0j2k − 1).
(2) V0 = [0, b, a, 4k, d, h], Vj = j (V0) (0j4k − 1).
(3) W0 = [h, 0, f, c, 2k, d],Wj = j (W0) (0j2k − 1),
W2k = [4k, c, f, 2k, h, d],W2k+j = j (W2k) (0j2k − 1).
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(4) X0 = [d, h, 4k, f, c, 6k], Xj = j (X0) (0j4k − 1).
(5) Y0 = [b, a, 0, g, e, 4k], Yj = j (Y0) (0j4k − 1),
Y4k = [a, b, 4k, g, e, 0], Y4k+j = j (Y4k) (0j4k − 1).
(6) Z0 = [g, 0, h, d, k, f ], Zj = j (Z0) (0jk − 1).
Put U = {Uj | 0j4k − 1}, V = {Vj | 0j4k − 1},W = {Wj | 0j4k − 1},
X= {Xj | 0j4k − 1}, Y= {Yj | 0j8k − 1},Z= {Zj | 0jk − 1}.
Proposition 4.1.

(U) ⊃ {[x, t, y] | d(x, y)= 4k; x, y ∈ V1, t ∈ V2}.
Proof. The 2-path [x, e, y] with d(x, y) = 4k and x, y ∈ V1 is contained in U. For any
t, u ∈ V2, there exists i such that i (t)=u. Therefore [x, t, y]with d(x, y)=4k, x, y ∈ V1
and t ∈ V2 is contained in U. 
Put
B= (U ∪V ∪W ∪X ∪Y ∪Z).
We call a 5-path in B a 5-path of type B. We have |B| = 225k.
Proposition 4.2.

(B) ⊃ 3 ∪4 ∪ {[x, t, y] | d(x, y)= 4k; x, y ∈ V1, t ∈ V2}.
Proof. Let t, u (t = u) be any two elements of V2. Then t and u belong to the same row,
column, right diagonal or left diagonal ofA.We will be applying Proposition 2.3 repeatedly.
We ﬁrst show that 
(B) ⊃ 3. Assume t and u belong to the same column. The 2-
path [a, x, g] (0x4k − 1) is contained in Y. Since we have j ({a, g}) = {t, u} for
some j (0j8) from Proposition 2.3, the 2-path [t, x, u] (0x4k − 1) is contained
in Y. Similarly, the 2-path [a, x, d] (4kx8k − 1) is contained in V, so the 2-path
[t, x, u] (4kx8k − 1) is contained in Y. Therefore the 2-path [t, x, u] (x ∈ V1) is
contained in B.
Assume t and u belong to the same left diagonal. The 2-path [h, x, f ] (0x4k − 1)
is contained inW and [h, x, f ] (4kx8k − 1) is contained in X. Therefore the 2-path
[t, x, u] (x ∈ V1) is contained in B.
Assume t and u belong to the same right diagonal. The 2-path [e, x, i] (0xk − 1)
is contained in U, [e, x, a] (kx2k − 1) is contained in U, [c, x, d] (2kx4k − 1)
is contained inW and [b, x, g] (4kx8k − 1) is contained in Y. Therefore the 2-path
[t, x, u] (x ∈ V1) is contained in B.
Assume t and u belong to the same row. The 2-path [g, x, h] (0xk− 1) is contained
inZ, [d, x, f ] (kx2k−1) is contained inZ, [e, x, d] (2kx4k−1) is contained in
U and [e, x, f ] (4kx8k−1) is contained inU. Therefore the 2-path [t, x, u] (x ∈ V1)
is contained in B. Hence we have 
(B) ⊃ 3.
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We now show that 
(B) ⊃ 4. Assume t and u belong to the same left diagonal. The
2-path [e, g, x] (0x8k−1) is contained inY and [g, e, x] (0x8k−1) is contained
in Y. Therefore the 2-paths [t, u, x] and [u, t, x] (x ∈ V1) are contained in Y.
Assume t and u belong to the same row. The 2-path [a, b, x] (0x4k−1) is contained
inV, [a, b, x] (4kx8k − 1) is contained in Y, [b, a, x] (0x4k − 1) is contained
in Y and [b, a, x] (4kx8k − 1) is contained inV. Therefore the 2-paths [t, u, x] and
[u, t, x] (x ∈ V1) are contained in B.
Assume t and u belong to the same column. The 2-path [c, f, x] (0x4k − 1) is
contained inW, [c, f, x] (4kx8k− 1) is contained inX, [f, c, x] (2kx6k− 1) is
contained inW and [f, c, x] (6kx8k−1, 0x2k−1) is contained inX. Therefore
the 2-paths [t, u, x] and [u, t, x] (x ∈ V1) are contained in B.
Assume t and u belong to the same right diagonal. The 2-path [d, h, x] (0xk − 1)
is contained inZ, [i, a, x] (kx2k − 1) is contained in U, [d, h, x] (2kx4k − 1)
is contained inW and [d, h, x] (4kx8k − 1) is contained in X. Since an ordered pair
(i, a) is mapped to an ordered pair (d, h) under 7, the 2-path [d, h, x] (x ∈ V1) is contained
in B.
The 2-path [a, i, x] (0xk − 1) is contained in U, [h, d, x] (kx2k − 1) is con-
tained inZ, [h, d, x] (2kx4k− 1) is contained inU and [h, d, x] (4kx8k− 1) is
contained inV. So the 2-path [h, d, x] (x ∈ V1) is contained in B. Therefore the 2-paths
[t, u, x] and [u, t, x] (x ∈ V1) are contained in B. Hence we have 
(B) ⊃ 4.
From 
(B) ⊃ 3, 
(B) ⊃ 4 and Proposition 4.1, the proposition holds. 
5. A proof of Theorem 1.1
Using the same notation deﬁned in the previous sections, we have the following propo-
sition.
Proposition 5.1. Let k1. ThenA∪B∪C is a uniform covering of 2-paths with 5-paths
in K8k+9.
Proof. A∪B∪C is a set of 5-paths inK8k+9. We have 
(A∪B) ⊃ 1 ∪2 ∪3 ∪4
from Propositions 3.4 and 4.2. It is trivial that 
(A ∪ B) ⊂ 1 ∪ 2 ∪ 3 ∪ 4, so we
have 
(A ∪B)=1 ∪2 ∪3 ∪4. Since |A ∪B| = |A| + |B| = 27k(8k + 7) and
|1 ∪2 ∪3 ∪4| = 108(8k + 7), each 2-path in1 ∪2 ∪3 ∪4 appears exactly
once inA ∪B. Therefore the proposition holds. 
Finally, we prove Theorem 1.1. Let n6. Assume there is a uniform covering C of 2-
paths with 5-paths inKn. Since there are n(n−1)(n−2)/2 2-paths inKn and 4 2-paths in a
5-path, we have |C|=n(n− 1)(n− 2)/8. Thus n(n− 1)(n− 2) is divisible by 8. Therefore
n is even or n ≡ 1 (mod 8).
Conversely, assume n is even or n ≡ 1 (mod 8). When n is even, there is a uniform
covering of 2-paths with 5-paths inKn from Proposition 2.2.When n=9, there is a uniform
covering in K9 from Proposition 2.1. When n ≡ 1 (mod 8) and n17, there is a uniform
covering in Kn from Proposition 5.1.
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This completes the proof of Theorem 1.1. 
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